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We derive and classify all regular solutions of the boundary Yang-Baxter 
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(i) 



(^ . equation for 19-vertex models known as Zamolodchikov-Fateev or A\ model, 

w a . T'ZPrcrin-TCrn-pnin nv A\ ' 



Izergin-Korepin or A 2 model, s/(2|l) model and the osp(2\l) model. We find 

that there is a general solution for the A\ and s/(2|l) models. In both models 

(2) 
it is a complete K-matrix with three free parameters. For the A 2 and osp(2\i) 

models we find three general solutions, being two complete reflection K- matrices 
solutions and one incomplete reflection K-matrix solution with some null en- 
tries. In both models these solutions have two free parameters. Integrable spin-1 
Hamiltonians with general boundary interactions are also presented. Several 
reduced solutions from these general solutions are presented in the appendices. 
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1 Introduction 

In the study of the two-dimensional integrable systems of quantum field theories and 
statistical physics the Yang-Baxter (YB) equation plays essential roles in establishing 
the integrability and in solving the models. 

Each solution of the YB equation can be treated as a factorized S"-matrix in some 
1+1-dimensional field theory |Ij, @]- In statistical physics the YB solution is treated as 
a vertex weight matrix of an exactly solvable statistical model on a plane lattice. 

The central object in the theory of integrable models |3|, |J is the .R-matrix R(u), 
where u is the spectral parameter. It acts on the tensor product V 1 ® V 2 for a given 
vector space V and satisfy a special system of algebraic functional equations, the YB 
equation 

Ri 2 (u)R 13 (u + v)R 23 {v) = R 23 (v)R 13 (u + v)R 12 (u), (1.1) 

in V 1 <g> V 2 ® V 3 , where R 12 = R® 1, R 23 = 1 ® R, etc. 

An R matrix is said to be regular if has the property -R(O) = P, where P is the 
permutation matrix in V 1 <g> V 2 : P(\a) <g> |/3)) = |/3) ® \a) for \a) , \/3) G V. To every 
regular i?-matrix there corresponds a periodic integrable quantum spin chain, with 
Hamiltonian H given by 

N-l 

H = 2J Hk,k+i + H Nt i, (1.2) 



fc=i 
where the two-site Hamiltonian Hk t k+i is given by 

H k , k+1 = P -z-Riu) 
du 



;i.3) 



w=0 



The right hand side of (|1.3|) is acting on the quantum spaces at sites k and k + 1. 

An .R-matrix is said to be quasi-classical if it depends on an additional parameter 
1] (playing the role of the Planck constant), so that for small rj 

R{u 1 r]) = l + 2T 1 r(u) + 0(rj 2 ) (1.4) 

The quantity r(u) is called a classical r-matrix. 

Many regular quasi-classical solutions are related to the simple Lie (super) algebra 
II H @> Hi- They are classified by irreducible representations of the Lie algebra in 
elliptic, trigonometric and rational, corresponding to the three types of function of the 
spectral parameter u. 

Recently there has been a lot of efforts in introducing boundaries into integrable 
systems for possible applications to condensed matter physics and statistical system 



with non-periodic boundary conditions. The boundaries entail new physical quantities 
called reflection matrices which depend on the boundary properties. 

By considering systems on a finite interval with independent boundary conditions at 
each end, we have to introduce reflection matrices to describe such boundary conditions. 
Integrable models with boundaries can be constructed out of a pair of reflection K- 
matrices K±(u) in addition to the YB i?-matrix. K + (u) and K_(u) describe the effects 
of the presence of boundaries at the left and the right ends, respectively. 

Integrability of open chains in the framework of the quantum inverse scattering 
method was pioneered by Sklyanin relying on previous results of Cherednik ||. In 
reference ||10|| , Sklyanin has used his formalism to solve, via algebraic Bethe ansatz, 
the open spin- 1/2 chain with diagonal boundary terms. This model had already been 



solved via coordinate Bethe ansatz by Alcaraz et al [11 



The Sklyanin original formalism was extended to more general systems by Mez- 
incescu and Nepomechie in [|l!J , where is assumed that for a regular R matrix satisfying 
the following properties 



Pi2Ri2(u)P 12 = R 2 i(u), 

R 12 (u)R 21 (—u) oc 1, 

R l2 (u) = (U ® l)R%(-u - P )(U® l)" 1 . 

one can derive an integrable open chain Hamiltonian 



PT — symmetry 

unitarity 

crossing unitarity 



(1.5) 



N-l 



1 dK_{u) 



tr K+ {0)H 



N,0 



u=0 



tiK+(Q) 



(1.6) 



where Hk^k+i is given by (-L3) and K_{u) is the reflection matrix which satisfy the 
right boundary YB equation, also known as the right reflection equation (RE) 

R 12 (u - v)(K-(u) ® l)i?2i(w + v)(l ® K.(v)) = 

(1 ® K4v))R 12 (u + v)(K-(u) ® l)R 2 i(u - v) (1.7) 

and K + (u) is the reflection matrix which satisfy an left RE. 

Given a solution K_{u) of (|1.7|) , one can show that the corresponding quantity 

K + (u) = KK-u - p)M, M = U t U = M t , (1.8) 

satisfy the left RE. Here p is a crossing parameter and U is a crossing matrix both 
being specific to each model || ||. t* stands for the transposition taken in the i-th 
space and tr is the trace taken in the auxiliary space. 



Although a careful analysis within the framework of algebraic structures was carried 



out in |]kj [14], [15], unlike R- matrix solutions there is no direct relation of the quasi- 
classical i^-matrix solutions to the Lie (super) algebra theory. In particular, many of 
them do not depend on the quasiclassical parameter r\. 

In field theory, attention is focused on the boundary S-matrix and recent field theo- 
retical applications of the RE can be found in JTBl O, [18], IHJ. In statistical mechanics, 



the emphasis has been on deriving solutions of the RE and the investigation of various 



surface critical phenomena, both at and away from criticality [20]. In condensed matter 
physics, the Kondo problem with integrable boundary impurities has been studied by 



means of the boundary graded quantum inverse scattering method ||21[| . 

Due to the significance of the RE, a lot of work has been directed to the study of 
their solutions []9|, ^, |23], |53]. There is a classification of reflection solutions for two- 
component systems |[25|| . Batchelor at al [2B| have derived diagonal solutions of the RE 
for the face and vertex models related to affine Lie algebras. Complete nondiagonal 
reflection matrices of face-type models as SOS, RSOS and the hard hexagonal model 



were recently derived by Ahn and You [27|. Diagonal solutions for fused high spin 



models were presented by Abad and Rios [28 



In this paper we consider the 19- vertex models known as Zamolodchikov-Fateev or 
A[ model, Izergin-Korepin or A 2 model , the s/(2|l) model and the osp(2\l) model. 
These vertex models have a common algebraic structure which permits us to solve 
their RE in an unified way. General regular solutions are derived and classified into 
two categories: Type-I solution, which is the complete reflection i^-matrix of each 19- 
vertex model, and Type-II solution, which is an additional solution for the IK model 
and the osp(2\l) model. These solutions were computed in a direct way by solving 
functional equations. 

The paper is organized as follows. In section 2 we present a procedure to derive 
general solutions of the RE for these models. In section 3 we carry out the procedure 
explicitly for the ZF model. Here one can see that our result is in agreement with the 



previous result derived by Inami et al [p4| . In section 4 the type-I and type-II general 
solutions are calculated for the IK model. In sections 5 and 6 we present the regular re- 
flection i^-matrices for the graded s/(2| 1) and osp(2\l) models, respectively. In section 
7 the corresponding integrable Hamiltonians with general boundary interactions are 
also presented. Our conclusions are presented in the last section. Finally, we reserved 
four appendices to give a sub-classification for the reduced solutions which are derived 
from the general ones as special limits. 



2 General Solutions 



Along this paper we will work with both graded and non-graded models. Therefore we 
need to recall some informations about the graded formulation. 

Let V = Vo © V\ be a Z 2 -graded vector space where and 1 denote the even and 

s 

odd parts respectively. Multiplication rules in the graded tensor product space V <g> V 
differ from the ordinary ones by the appearance of additional signs. The components 

s s 

of a linear operator A ® B e V <8> V result in matrix elements of the form 



(A & 5)5 = (-)K««<*)+p(7)) ActiBp& , 

The action of the graded permutation operator P g on the vector \a) 
defined by 



eV 



P g \a) ® 



\p(a)p{f3) 



® l«) => (nil = (") 



\p(a)p(/3) 



5a6 S. 



Pi- 



The super-transposition st and the super-trace str are defined by 



A" 



a 3 



_yp(a) + p(t3))p(a) A ^ stlA = J2(-)P( a )A c 



(2.1) 
)V is 

(2.2) 
(2.3) 



where p(a) = 1 (0) if \a) is an odd (even) element. 

Taking into account this new formulation, the equations ( |1 . 1|) and (|1.7[) are now 
named graded YB equation and boundary graded YB equation, respectively. 

The YB solution for the models which we are going to treat in this paper has a 
common form given by the following i?-matrix 



R(u) 



( Xx 
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(2.4) 



where the non-zero entries for each model will be presented in the next sections. In 
the graded cases we choose a common parity assignments: p{\) = p(3) = 0, p(2) = 1. 
For regular solutions K_ (u) of the right RE we can choose the following normaliza- 
tion 

hi(u) k 12 (u) k 13 (u) 

A'_(//)= I! k 2 i(u) 1 k 23 (u) i (2.5) 

k3i(u) k 32 (u) k 33 (u) 



with 

fctf(0) = for i^j and Afo(O) = 1, i,j= 1,2,3 (2.6) 

Substituting Q2.4|) and fl2.5|) into (|1.7|) and into its graded version, we have in both 
cases 81 functional equations for the kij elements, many of which are dependent. In 
order to solve them, we shall proceed in the following way. First we consider the (i,j) 
component of the matrix equation ( |1.7|) . By differentiating it with respect to v and 
taking v = 0, we will get algebraic equations involving the single variable u and eight 
parameters 

Ai^^^U i,j = 1,2,3. ((3 22 = 0) (2.7) 

Second, these algebraic equations are denoted by E[i,j] = and collected into 25 
blocks B[i,j] defined by 

B[i,j] = {E[i,j] = 0, E\j,i]=0, E[10-i, 10- j] = 0, E[10-j,10 - z] = 0} 

i = 1,...,5 and j = i, ..., 10 - i. (2.8) 

For a given block B[i,j], the equation E[10 — j, 10 — i] = can be obtained from the 
equation -E[i, j] = by interchanging 

% < — ► K_ jA _ u /3y < — ► P4-j,4-i, Xi < — > t/i for i = 5, 7 
and x 6 < — > ey 6 , (2.9) 

and the equation E[j,i] = is obtained from the equation E[i,j] = by the inter- 
changing 

k^ < — ► kji, pij < — ► p jU x 6 i — ► ex 6 , y 6 < — ► ey 6 , (2.10) 

where e makes the difference among graded and non-graded models: e = 1 for the ZF 
and IK models and e = — 1 for the s/(2|l) and osp(2\l) models. 

In order to give an example, let us consider the block B[2, 8] where we have the two 
simplest equations: 

E[2,8] = [pi 2 x 2 y 6 - /?23^32/5]^i2 - [ep23X 2 x 6 - p 12 x 3 x 5 }k 23 = 0, 

E[8, 2] = [e(3 21 x 2 y 6 - /3 32 x 3 y 5 ]k 2 i - [(5 32 x 2 x & - f3 2 ix 3 x 5 ]k 32 = 0. (2.11) 



Note that we can use fl2.10p to write the equation -^[8,2] = from the equation 



_E[2,8] = 0. Therefore, using the interchanging rules ( |2.9| ) and ( ^.1U| ) for each block 
B[i,j] we only needed to look at the equation E[i,j] = 0, which will itself be identified 
with the block 



Combining the two equations of the block -B[2, 8] with the four equations of the 
block 

B[l, 6] = f3 13 x 2 (xi - x 3 )k 12 - eP 13 x 5 x 6 k 23 - \fli 2 x 2 x 5 - e(3 23 xix 6 }k 13 , (2.12) 

and with the four equations of the block 

B[l, 8] = [x\ - xxx^fi^k^ + P 13 x 3 y 5 k 12 + e(3 13 x 2 x 6 k 23 , (2.13) 

we will get the relations 

Pi 2 x 3 x 5 - ep 23 x 2 x 6 k 13 p 23 x 3 y 5 - p 12 x 2 y 6 k 13 

fci2 = —, r- -z-, k 23 = — f r- -5-, 2.14 

x 3 (xi - x 3 ) + ex 6 y 6 P13 x 3 (x! - x 3 ) + ex 6 y 6 f3 13 

, I3 2 \x 3 x b - f3 32 x 2 x 6 k 31 (3 32 x 3 y 5 - e(3 21 x 2 y 6 k 31 

K21 = —, r- -a~, k 3 2 = —, r- -jr-. 2.15 

x 3 {x x - x 3 ) + ex 6 y 6 /% x 3 {xi - x 3 ) + ex 6 y 6 fj 31 

Here we have used the following identity 

x 3 (x\ + x\) + exix 6 y 6 = xi{x\ + x§) + x 3 x 5 y 5 . (2.16) 

which is holds for all above-mentioned 19-vertex models. 
Next we consider the nine equations of the blocks B[i,i] 

B[l, 1] = xix 5 (/3 21 k 12 - (3 12 k 21 ) + xix 7 ((3 3 ik 13 - /3 13 k 31 ), 
B[2, 2] = x 1 x 5 (p 12 k 21 - P 21 k 12 ) + x 5 x 7 (p 32 k 23 - p 23 k 32 ) 

+x 2 x 6 (P 32 k l2 - ep 23 k 21 ), 
B[3, 3] = X!X 7 ((3 13 k 31 - (3 31 h 3 ) - x 5 x 7 (/3 32 k 23 - (3 23 k 32 ) 

+x 2 x 6 (e(3 23 k 21 - p 32 k 12 ), 
B [4, 4] = ex 4 y 5 (p 21 k 12 - (3 12 k 21 ) - x 5 y 5 ((3 13 k 31 - (3 31 k 13 ) 

+x 2 x 6 (ef3 2 ik 23 - /3 12 k 32 ), 
B[5, 5] = -ex 4 y 5 (p 21 k 12 - (3 12 k 21 ) + ex 4 x 5 (p 32 k 23 - (3 23 k 32 ) 

-x 2 x 6 (e[3 23 k 21 - (3 32 k 12 ) + x 2 y 6 ((3 32 k 12 - e(3 23 k 21 ), (2.17) 

By direct inspection one can see that these equations are solved by the relations 

Pijkji(u) = Pjikij(u) i y+ j (2.18) 

provided that 

A2&2 = e(3 21 (3 23 (2.19) 



Substituting ( |2.18| ) and ( |2.19| ) into the remaining blocks we verify that the equations 



E[i,j] = and E[j, i] = give the same result provided that 

PiA = ef3 3l f3 2 12 (2.20) 



Equation ( |2.18|) is invariant under the interchange rules ( |2.9| ) and (|2.10| ) while equation 



( p.20| ) has an interchanged form involving (3 23 and (3 32 . 

At this stage we still have to solve the equations of 16 blocks B[i,j] involving three 
functions ki 3 {u) , kn(u) and k 33 {u) and the six parameters (3\ 2l fin, Pu,P2 3 , fin and ^33. 

Next, from each equation of the blocks B[i, j] we express ki 3 (u) in terms of ku(u) 
and k 33 (u). Equating these results we will get constraint equations for the parameters 
flij. This procedure will leave us with many constraint equations. For instance, from 
the blocks -B[l,4] and -B[2,6] we compare the results for k\ 3 (u) to get the following 
equation: 

efiufciPtzXiXe - e/3 2 iP 2 3 [rxx 6 y5 + T 2 x 2 x 7 ] - 2p 12 (3 13 T 1 w(xi,x 2 ) 

+ f3i 2 f3 23 Tix 2 {ex4, - x 3 ) + p 2 2 Pi 3 [P 33 x 2 x 5 - 2w(x 2 , x 5 )] = 0. (2.21) 

Using the interchange rule ( |2.9| ) and the relations ( |2.19| ) and ( p.20| ) we get from ( |2.21| ) 
another constraint equation 

ep2ip2 3 Pi 3 xiy 6 - p2iPi 3 {Tix 2 y 7 + eT 2 x 5 y 6 ] - 2f3 12 f3 13 T 2 w(x 1 ,x 2 ) 

+ ^ 2 (3 23 r 2 x 2 (ex 4 - x 3 ) + f3i2(3 l3 (3 23 [f3nx 2 y 5 - 2w{x 2 , y 5 )} = 0. (2.22) 

Equations ( |2.21|) and (|2.22|) are enough for our purpose. They involve the six remain- 



ing parameters /3y and must be valid for all values of u. Their solutions are model 
dependent and solve all other constraint equations. 

The procedure to solve these equations is the following: First we write (|2.21|) in a 
factored form Fi{u, r])F 2 (u,r]) = such that F 1 (u = 0, 77) = and F 2 {u = 0,rj) 7^ 0. 
Imposing that F 2 (0,r/) = we can find, for instance, (3 2 \ in terms of /3i 2 ,/3i 3i /3 2 3 and 
(3 33 . Substituting the value obtained for j3 21 into F 2 (u,rj) we have two possibilities. 
When is F 2 (u,rj) = it is a solution for Q2.21 ) with four free parameters. But if 



F 2 {u, 77) 7^ it must be rewrite in another factored form F 3 (u, 7/)F 4 (m, 77) = such that 
F 3 {u = 0, r/) = and F 4 (u = 0, r/) 7^ 0. The condition F 4 (0, 77) = can be used to find, 
for instance, the value of ^33 in terms of (3i 2 , j3i 3 and [3 23 . Substituting (3 33 into F 4 (m, 77) 
we proceed as before and so on until solving ( |2.21| ) for any value of u. 

For the ZF and the s/(2|l) models we will get their parameters at the second step 
of this procedure. It means that we have a general solution with three free parameters. 



However, for the IK and osp(2\l) models we will need an additional step that will 
supply us with the following equation 



and its interchanged form 



F 5 (u, V M 2 + ee^(3 2 23 } = 0, (2.23) 



G 5 (u, V M 1 + ee^(3 2 2 ]=0. (2.24) 



Here we observe that the equations (3f 2 + ee 4 ^/^ = and j3 21 + ee 4er? /?| 2 = will give 
us two general solutions with two free parameters. Nevertheless, a third solution with 
/3i2 = /?2i = /^23 = fim = must also be considered. It is, by construction, a new 
solution which also has two free parameters. In that way, we will have two types of 
solutions: Type-I defined when all parameters are non-vanishing and Type-II defined 
when the parameters /3i2,/?2i,/^23 and (3 32 vanish. 

2.1 Type-I Solution 

Taking into account the values of the parameters fy ^ which satisfy the constraint 
equations ( [2.2 1| ) and ( |2.22|) we can choose the blocks 5 [1,4] and 5(2,4] to write 



expressions for ki 3 , k\\ and ^33. Moreover, choosing ^32 and /?3i as the parameters 
fixed by the relations fl2.19|) and fl2.20| ) respectively, we can also recall the relations 



( [2.140 and (|2.15 ) to write the type-I solution. It is a complete reflection if-matrix with 
the following elements: 

h 2 (u) = — ri(«)A;i3(w), fcai(u) = a \ ^i(u)k 13 (u), 

Pl3 Pl2Pl3 

k 23 (u) = —T 2 {u)k l3 {u), k 32 {u) = | T 2 (u)k 13 (u), 

Pl3 Pl2Pl3 

2 



fc 3l(«) = -o2~fcl3(u)> 

Pl2 



e/3 2 i 
1 



feia(w) = jj[-2PliPiaX2(x5w(x2,y5)+yBw(x2,X5))], 



hi(u) = — {(2w(x 2 , x 5 ) + (3uX2X5) [/3i3/52i(rix 6 y 5 + T 2 x 2 x 7 ) 

-efiiaPiafciXiXe + 2/3 12 T 1 w(xx, x 2 )\ - f3 21 x 2 x 5 [ep 2 3 f3 21 x 2 x 5 
+(3l 2 (eT l x 2 x 4: - T x xix 2 + eV 2 x 5 x 6 ) - 6^12^23 (riX 6 2/ 5 + T 2 x 2 x 7 ) } . 



(2.25) 



where 



#12X32* - e/^a^e , „ , , #23X32/5 - #i2X 2 y 6 , n ocN 

ri(u) = ^- and r 2 (M) = 2— , (2.26) 

X1X3 - £3 + ex 6 y 6 X1X3 - xi + ex 6 y 6 



and 



£> = (2ii>(x 2 , 2/5) - #11X22/5) {e/5i3^2i[rix 6 y 5 + r 2 x 2 x 7 ] + /3i 2 [2riiu(xi, x 2 ) 
-e#i 3 #2iXix 6 ]} + e(3 2i x 2 y 5 {#? 3 /32ix 2 x 5 - #i 2 # 23 [rix 6 ?/5 + r 2 x 2 a; 7 ] 
+/9^ 2 [ria; 2 a;4 - er 2 xix 2 + r 2 x 5 a; 6 ]| . (2.27) 

Here we have used an additional identity 

{x\ - x\)w(x 1 ,x 2 ) = xix 5 w(x 2 , y 5 ) + x 2 y 5 w( y x 1 ,y 5 ), (2.28) 

where w(f,g) is the Wronskian of two functions f(u) and g{u) 

ft \ d f( u ) 1 \ ft ^ d 9(u) {oon , 

w(f, g) = —^—g{u) - f(u)— — (2.29) 

du du 

In ( |2.25| ), k 22 {u) = 1 and we did not write the amplitude k 33 (u) but it is obtained from 
the amplitude k u (u) using the interchange rule (|2.9|). 

Before we consider the type-II solution we observe that the parameters /3y are 
linked by the conditions (|2.19| ) and ( |2.20| ) which together with the relation ( |2.18| ) and 
the normalization (|2.6|) imply that 



kijiu) = 0, for i ^ j 
if Pij = than { or . (2.30) 

kij(u) = 1, for i = j 

It means that vanish free parameters in a general solution give us i^-matrices with 
different forms defined by their non-vanishing entries. These reduced solutions will be 
presented in the appendices according to the values of #i 3 and # 3 i, i.e., they are sub- 
classified according to a of the four possibilities: (i) #i 3 7^ and #31 7^ 0; (ii) f3 Vi 7^ 
and /3 3 i = 0; (iii) #13 = and #31 7^ and (iv) /3 13 = and # 3 i = 0. 

2.2 Type-II solution 

For the type-II solution we have (3\ 2 = #21 = #23 = #32 = 0. It means that the 

K-matrix has the form 

fen fcia 

#//= | 1 | . (2.31 : 

&31 fc 33 

9 



Now the boundary YB equation ( |T7F| ) is composite of 28 reflection equations collected 
in eight blocks £ [1,3], £[1,5], £[1,7], £[2,4], £[2,6], £[3,5], £[3,7] and £[4,6]. 
From the blocks 

£[2, 4] = [f3 u x 2 y 5 - 2w(x 2 , y 5 )}k u + f3 3 ix 2 x 5 k 13 + [f3 n x 2 x 5 + 2w(x 2 , x 5 )}, (2.32) 

and 

£[2, 6] = (3 13 x 2 y 5 k n + [f3 33 x 2 x 5 - 2w(x 2 , x 5 )]k 13 + (3 13 x 2 x 5 , (2.33) 

we get the following four-parameter solution 

\Pux 2 x 5 + 2w(x 2 ,x 5 )][(3 33 x 2 x 5 - 2w(x 2 ,x 5 )} - /3 X3 /3 3 ixlxl 



k 



ii 



1 3.3 



' 13 



'•31 



[Pux 2 y 5 - 2w(x 2 , y 5 )] [p 33 x 2 x 5 - 2w(x 2 , x 5 )] - Pi3p3ix 2 x 5 y 5 ' 
[Pnx 2 y 5 + 2w(x 2 , y 5 )][(3 33 x 2 y 5 - 2w(x 2 , y 5 )} - (3i 3 (3 3 ix 2 2 yj 

[Pnx 2 y 5 - 2w(x 2 , y 5 )} {{3 33 x 2 x 5 - 2w(x 2 , x 5 )} - Pi 3 p 3 ixjx 5 y 5 ' 

2f3 13 [x 2 x 5 w(x 2 , y b ) + x 2 y 5 w(x 2 , x 5 )} 

[Pnx 2 y 5 - 2w(x 2 ,y 5 )}[(3 33 x 2 x 5 - 2w(x 2 ,x 5 )} - |3l 3 fl 31 x 2 x 5 y 5 , 

§^13- (2.34) 

Pl3 



Substituting ( |2.34|) into the remaining blocks we will get constraint equations involving 
Ai,/?33,/3i3 and (3 31 . 

Having now built a common ground for all elements of the reflection matrix, we 
may proceed to find explicitly all regular i^-matrices for each model. 

We begin with the ZF model because of its simplicity and because all i^-matrices are 
known from reference f24 ]. Doing this, besides confirming our result, we can compare 
its degree of simplicity. 

3 Regular K-matrix for the ZF model 

The simplest 19-vertex model is the ZF model. This vertex model is defined in terms 
of the Boltzmann weights given by the £-matrix of spin-1 representation of U q (sl 2 ), or 
A[ model. It is the trigonometric solution of the YB equation fll.l| ). R{u) has the 
form ( |2.4j ) with non-zero entries |3(J 



X\(u) = sinh(u + rf) sinh(u + 2rj), x 2 (u) = sinhusinh(u + r/), 

x 3 (u) = sinhwsinh(-u — t]), x^{u) = y§{u) = sinh(w + rf) sinh2?7, 

Xq(u) = y§{u) = sinhusinh2?7, x 7 (u) = y 7 (u) = smb. rj smb. 2i], 

x±(u) = x 2 (u) +x 7 (u). (3.1) 



10 



In this model, the Wronskians ( |2.29| ) used in ( |2.25| ) and ( |2.34| ) are given by 

w(xi,X2) = — sinh 277 sinh 2 (u + r/), 

w(x2,Xs) = w{x2, 7/5) = cosh w sinh 2r? sinh 2 (w + 77), 

and the T-functions ( |2.26| ) have the form 



(3.2) 



0i 2 sinh(w - 77) - 23 sinhw 23 sinh(w - 77) - 12 sinhw 

ri« = r-r-775 7 , r 2 («) = —-77: r • (3.3) 

smh(2w — 7]) smh(2w — 77) 

Substituting these expressions into the constraint equation ( [2.21|) we find in the first 
step that 

sinh 2?7 sinh u sinh {u + r/)F(u, 77) = 0, (3-4) 

where 

F(u, i]) = — 20 2 2 02 3 s i nn V s i nn u c °sh(u — i]) + 2 3 02i023 sinh 77 sinh 2?7 

— 20 2 2 13 sinh 277 cosh(2w — 77) + 2 2 0i 3 33 sinh 2?7 sinh(27j — 77) 

— 2/3 12 /5i 3 /5 2 3 sinh 27/ + 0i 2 2 3 2 i sinh 277 sinh 2m 

+0i 2 23 sinh 77 sinh(2?j - 2r/). (3.5) 

This equation should hold for all values of u. In particular, for u = we must have 
F(0, 77) = from which we find 2 i- Substituting 21 into ( ^.5| ) we can still write 
F(u,r]) = sinh ?j G(u,rj) = 0. From the condition G(0, rf) = we find 33 . Combining 
these results with the relations ( |2.19| ) and fl2.20| ) we have 



021 

011 
031 



012023 







12 



013 2 cosh 77 13 sinh 77 ' 







013 2 COsh 7] 

0l3 1 

013 2 cosh 77 
0li, 

^2~^ 13 ' 



-2 



cosh 77 0i 2 : 



2:-! 



sinh 77 13 

cosh 77 0i 2 23 



_ 21 

012 



0: 



: :-!2 



sinh 77 

021023 



0: 



13 







12 



(3.6) 



The parameter n is fixed by the interchange rule (|2.9| ) or by direct computation 
with the constraint equation (|2.22j) . These three free parameter expressions solve all 
constraint equations which come from the expressions for A; 13 (m) discussed in the 
previous section. 

Substituting (|3T6|) into the relations for type-I solution (|2.25|) we find the complete 
reflection if -matrix for the ZF model: 
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kn{u) = -~-Ti(u)ki 3 {u), k 21 (u) = 2 Vi(u)k 13 (u), 

Pl3 Pl2Pl3 

k 23 {u) = —T 2 (u)k 13 (u), k 32 (u) = 21 T 2 (u)k 13 (u), 

Pl3 Pl2Pl3 

kzi{u) = -£-k 13 {u), 

P12 

. . /5?o sinh 2n sinh 2u sinh(2w — ri) 

kl3(u) = -^ '-— r ^ ^, 

V(u,rj) 

kn(u) = —, r {sinh 2rj{f3i 2 f3 23 sinh u sinh(u - 77) - 2j3 13 sinh(2u - 77)) 

V{u,r]) 

— sinh r] sinh u{0\ 2 sinh (77 — 77) + p 1 ^ sinh (77 + 77)) \ , 

k 33 (u) = — {sinh 2<q(f3 X2 f3 23 sinh u sinh(u - 77) - 2(3 13 sinh(2u - 77)) 

V{u,r]) 

— sinh 77 sinh u{0l 2 sinh(w + 77) + fi 23 sinh (u — rj))\ , (3.7) 
where 



T>(u, 77) = /3i2/?23(sinh 77 sinh 2 2u + sinh u sinh(u — 77) sinh 2//) 
— (/3 2 2 + /3 2 3 ) sinh u sinh(?7 — rj) sinh 77 
+4/3i3 cosh 77 sinh (2w — 77) sinh(2w + 77). (3i 



It is a regular solution of the RE equation ( |1.7| ) with three free parameters (3\ 2 , (3\ 3 and 

fa. 

Using the relations 

4/7 ^ sinh(^ — () coshrj 
P12 = 



A 



13 



2 sinh(2 + £) sinh(| — £) cosh 77 + fx ^ sinh 2 77 
2/7 2 sinh 77 
2 sinh(| + £) sinh(| — () cosh 77 + jjl H sinh 2 77 



4/7/isinh(2 + ()cosh77 

P32 — ~ — , {o.i)) 

2 sinh(| + () sinh(| — () cosh 77 + /i/i sinh 77 

where /i, ^ and ( are new free parameters, we will reproduce the solution derived by 
Inami et al |24|| using a different approach to solve the RE. 
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Now we proceed to see the role of the type-II solution ( |2.30| ) in the ZF model. 
Taking into account the data of this model we substitute ( |2.30|) into the equations 
E[l, 5] = and E[5, 9] = of the block B[l, 5] and write them in factored form 

2 sinh 2 ?x cosh w sinh 4 (w + r))Fi(u, rj) = 0, i = 1,2 (3.10) 

where 

F\ (u,rj) = 2/3n (sinh(w + 3r/) — cosh u sinh 77) — 2/5 33 sinh u cosh 77 
+(/3ii/#33 - /#i3/#3i) sinh m sinh ?7 + 4cosh(w + 3t?) 
+4 cosh u cosh rj, (3-11) 

and F2(u,rj) is obtained from Fi(u,rj) by interchanging the indices 1 <->• 3. The condi- 
tions i*i(0, rj) = F 2 (0, rj) = imply that 

ftl = fe = - 2 22^. (3.12) 

sinh 7/ 



If now we recall the relations (|3.6| ) we will see that this is not a new solution but the 
one-parameter solution obtained by reduction of the type-I solution through the limit 
(3\2 — > and ^23 — > 0. The corresponding .K" matrix has the form ( [2.3 1| ) with non-zero 
entries 

1 /?i3 sinh 77 sinh 2u 1 /3 3 i sinh rj sinh 2m 

2 smh(2w + 77) 2 smh(2w + 77) 

hi{u) = h 3 {u) = — — -, 

sma[2u — rj) 

An = R 4 , 2 ■ (3-13) 

P13 sinh 77 



The relation between /3 3 i and /3i 3 in (|3.13|) was obtained using the equation E[2, 4] = 0. 



In the appendix A we will present the remaining reduced solutions which can be 
obtained form the complete reflection i^-matrix of the ZF model. 

4 Regular K-matrices for the IK model 

The solution of the YB equation corresponding to A 2 in the fundamental represen- 
tation was found by Izergin and Korepin ||32|| . The .R-matrix has the form (|2.4|) with 
non-zero entries 

x\{u) = 2sinh(— — 2rj) cosh(— — 37/), x 2 (u) = 2 sinh — cosh(— — 3rj), 

Zi Zi Zi Zi 
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x 3 (u) = 2sinh — cosh(— — 77), 

u u 
x<±(u) = 2sinh — cosh( 377) — 2 sinh 2rj cosh 3r/, 

1 %i 

xz,(u) = 2e~2 u s inh2?7cosh(— — 3r/), y 5 (u) = —e u x 5 (u), 

1 11 

x 6 (u) = 2e~z u+2v sinh 2r/ sinh-, y 6 (u) = e u ~ 4v x 6 (u), 

1 XL XL 

Xf{u) = — 2e - 2 u sinh2?7[cosh( 377) +e 7? sinh— ], 

1 XL XL 

1/7(11) = — 2e2 u sinh2?7[cosh( 3r/) — e~ v sinh -] . (4.1) 

For this model the Wronskians are given by 

XL 

w[x\,X2) = 2 sinh 2r/ cosh 2 ( 3r/), w(x2,x^) = w(x2,V5) = — w(x\,X2). (4.2) 

A partial classification already exists for the reflection YY-matrices of the IK model. 
Here we will use the procedure discussed in the section 2 to extend the results presented 
in 



29 



Following the steps used in the construction of the solution for the ZF model, we 
start by considering the constraint equations ( 2.21|) and (|2.22 ) with the data of the IK 



model. After we find the expressions to /?2i and ^33 through the factorization procedure 
described in the section 2, we will arrive at the following equation 



II 1 (/ 

((3 2 12 + e 4 ^ 2 3 ) cosh 2 V sinh -(fae? u sinh - - 1) = 0, (4.3) 

which has an interchanged partner by the rule ( |2.10| ). Both equations must be valid 
for all values of u. 

For /3i2, /?23, /?2i and ^32 different of zero we have two solutions: 

{fa = ie~ 2v Pi2, fa = i^fa} and {fa = -ie~ 2r > 'fa, fa = -le^fa}. (4.4) 

The third solution is fa = fa = fa = fa = 0. 

4.1 Type-I Solutions 

Due to ( |4.4|) , the constraint equations ( (2.21|) and ( [2.22J ) for the IK model have two 
type-I solutions. Their parameters are given by 

.fa 2e~ 2,? cosh 77 ± i _^ . _„ l^i sinh rj 



/5i3 2 cosh f] ' (cosh 7/ =p i sinh 2r/) cosh i] 

_ fa 2e~ 4v cosh ri =f i 1 =1= i sinh rj 

P33 = =B-3 o i T^e v 



/3i3 2 cosh 7] ' (cosh 77 q= i sinh 2ii) cosh 77 
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a .-^i 3 2 e 2v j_-Pw 1^ sinh 7/ 

P21 = ="7^-7; i — ±« 



/3i 3 2 cosh 77 /?i3 (cosh 77 =f i sinh 2r/) cosh 77 ' 

Pi 
Ph 



[3 23 = ±i(3 12 e~ 2 \ (3 32 = ±ifaiz- 2 \ /3 3 i = ^/5i3, (4.5) 



and their T-functions are given by 

r,(«) = fl 3 e-i- ° wh ^-"' ±i 7 h ^ , r a («) = ±w^r,(«). (4.6) 

cosh(« — 77) 

It means that these solutions have two free parameters, /3 12 and /3 13 . 

To write both type-I solutions of the IK model is a little bit cumbersome. Therefore, 
in order to save notation, we will only write one solution and take the conjugate of it 
to get the second solution. 

For the first solution we find that the off-diagonal components of the i^-matrix are 
given by 



ki2(u) = — ri(u)/ui 3 (u), k 21 (u) = Ti(u)ki 3 (u) 

P13 P12P13 

k 23 {u) = —r 2 (u)k 13 (u), k 32 (u) = 21 Y 2 {u)k 13 {u) 
P13 P12P13 



P 



k 3i(u) = -^-k lz {u) 



p 



/?i3 sinh u cosh 37/ [cosh (| — 77) — % sinh |] 
cosh 77[cosh(| + 377) — 7 sinh |] + cosh 377 sinh |jF(-u, 77) ' 

and the diagonal components are given by 

e~" cosh77[cosh(| — 377) + i sinh |] + e~ 2 n cosh 377 sinh |fi_(w, 77) 



fcn(w) 



cosh7/[cosh(| + 377) — i sinh |] + cosh 377 sinh |jF(-u, 77) 



e" cosh 77 [cosh ( I — 377) + isinh |] — e2 M cosh 37/ sinh |fi + (iz, 77) 
cosh 77[cosh(| + 377) — 7 sinh |] + cosh 377 sinh |JF(m, 77) 

Here f2 T (77,77) and jF(w,?7) are two-parameter functions defined by 

il T (u,r]) = [cosh(27/) cosh(- - 77) =f -(e T 2 u + e ± 2 u cosh 277)1/(77), 

11 u 11 

J-"(u,r)) = [sinh(— — 27/) cosh(— + 77) + 7 cosh 2 (— — 77)1/(77), (4.9) 

where 

Pi 1 p~ 2r ] 2 

/fo) = 7T-V+ h 9 • • h ' ( 4 - 10 ) 

P13 cosh 77 cosh 2t/ — 7 sinh 77 
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The second type-I solution can be obtained from these expressions by interchanging 
±i <-> =pi. Of course there are many ways to write down these expressions. However, 
we chose to write them in this form in order to get more easily their reduced solutions 
in the appendix B. 

4.2 Type-II Solution 

The procedure to obtain type-I and type-II solutions are different by construction. To 
get the type-II we recall the expressions ( |2.34|) with the data of the IK model. The 



result is a two-parameter iT-matrix which has the form ( |2.31| ) with non-zero entries 

013 



hi{u) = -7T k l3 0) 



k 13 (u) 
k u (u) 



/?i3 sinh u 



1 - 2 / 3 11 e ? ? sinh f cosh(| - rj) ' 

1 — 2/3ne~ 2 n+?? sinh | sinh r\ 
l-2/? 11 e'?sinh|cosh(|-r/)' 



l + 2/3 11 e2"+'? sinh f sinh 77 
33[U) 1 - 2/3ue" sinh | cosh(f - 77) ' l j 

Substituting (|4.11|) into the equation E[l, 5] = we will find the following relations for 
the parameters 

Ab = e^fti and /3 31 = -^e 2 ^ (4.12) 

Pl3 



Here we observe that this solution was already obtained in [25|. 

To summarize, we have obtained three regular general solutions with two free pa- 
rameters of the RE for the IK model. The two first are type-I solution and the last is 
a type-II solution. If we compare the number of type-I solutions of the IK model with 
the number found for the ZF model we can see that the reduction of the number of 
free parameters from three for two increase the number of possible solutions as much 
as the possible manners of find the last parameter. 

5 Regular K- matrix for the s/(2|l) model 

The solution of the graded YB equation corresponding to s/(2|l) in the fundamental 
representation has the form ( |2.4| ) with non-zero entries [|| |||, |3Tj| : 

Xi(u) = sinh(u + 2rj) cosh(w + rj), X2{u) = sinhucosh(u + rj), 
x 3 (u) = sinhwcosh(w — 77), x 5 (u) = y^iu) = sinh 2rj cosh (u + rj), 
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xq(u) = ye(u) = sinh w sinh 277, x 7 (u) = 1/7(11) = sinh 2rj cosh 77, 

x±(u) = x 2 (u) — x 7 (u). (5.1) 

For this model the Wronskians and the T-functions are given by 

w(xi,x 2 ) = — sinh 2r/ cosh 2 [u + 77), w(x 2 ,x 5 ) = sinh 2r/ cosh u cosh 2 [u + 77), 
p\ 2 cosh(w - 77) + (3 23 smhu /3 23 cosh(w - 77) - /3 i2 sinhw 

ri(M) = cosh(2, - V ) ' r2(M) = cosh( 2w - V ) • (5 ' 2) 

From the similarity of these data with those of the ZF model, one can expect that the 
steps which we proceeded to solve the s/(2|l)-model are the same ones that we used in 
the ZF model. Therefore we need only to present the solution. 
The parameters are given by 



(3$ 3 1 sinh 77 /?i2# 



0n = -^7T— i— "2 



2:-! 



/3i3 2 sinh 77 cosh 77 /3 13 



/3 = ^12 x 2 sinh 77 /3 12 /? 23 

/9i 3 2sinh77 cosh 77 /3 13 







/3 2 2/ 3 23 1 /3 12 2 



21 



/3f 3 2 sinh 77 /3i 3 cosh 77 

021* * 0210 



2:-! 



031 ~~ _ ^2~0135 032 — 7J , (5-3) 

Pl2 Pl2 

which results in a type-I solution with three free parameters. The off-diagonal elements 
are given by 

ku(u) = -r-ri(«)fci 3 («), fe 2 i(u) = 2 * ri(M)fci 3 (w), 

Pl3 Pl2Pl 3 

&2 3 («) = -r-r 2 (u)A;i3(u), k 32 (u) = -——T 2 (u)k 13 (u), 

Pl3 Pl2Pl 3 

2 
Pl2 

, . . /5 2 o sinh 277 sinh 2-ucosh(2-u — 77) 

kM = W^ — '• (5 ' 4) 

and the diagonal elements are given by 

ku(u) = — -, - {sinh277(— /3i 2 /3 23 sinhwcosh(-u — 77) + 2/3 13 cosh(2w — 77)) 

V(u,r}) 

— cosh 77 sinh u([3\ 2 sinh(-u — 77) + fi\ 3 cosh(w + 77)) \ , 

k^(u) = — {sinh 2r](- (3 X2 (3 23 sinh u cosh(w - 77) + 2/3i 3 cosh(2w - 77)) 

+ cosh 77 sinh «(/3 2 2 cosh(w + 77) + (3 23 cosh(w — 77)) \ , (5.5) 
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where 



T>(u,r)) = 2/3i2/323sinhMcoshry(sinhu + cosh(2w — 77) sinh(w + 77)) 
+(/3 12 — /5 23 ) sinliT/ cosh(77 — 77) cosh 77 
+4/3i3 sinh 77 cosh (2t/ — 77) cosh(2w + 77). (5.6) 

Regular reduced solutions from this complete reflection i^-matrix are presented in the 
appendix C. 

6 Regular K-matrices for the osp(2|l) model 

The trigonometric solution of the graded YB equation for the fundamental representa- 
tion of the osp(2\l) algebra was found by Bazhanov and Shadrikov in ||. It has the 
form (EO) with 



Xi(u) = sinh(-u + 277) sinh(w + 377), x 2 (w) = sinh7/sinh(7/ + 37/), 

x 3 (u) = sinhtisinh(ti + 77), 

x^iu) = sinh 7/ sinh(7/ + 377) — sinh 277 sinh 377, 

x<r,{u) = e~ u ' 3 sinh 27/ sinh (7/ + 37/), 7/5 (u) = e u ' 3 sinh 27/ sinh (u + 37/), 

xq(u) = —e~ u ' 3 ~ 2v sinh 27/ sinh u, t/ 6 (u) = e u ' 3+2v sinh 277 sinh u, 

Xj(u) = e u ' 3 sinh 27/ ( sinh(w + 377) + e~ v sinh u) , 

7/7(7/) = e~ u ' 3 sinh 27/ (sinh(w + 377) + e v sinh u) . (6-1) 

For this model the Wronskians are given by 

w(xx,x 2 ) = — sinh 277 sinh 2 (77 + 377), 

w(x 2 ,x 5 ) = -(2e» u + e~3 u ) sinh 277 sinh 2 (77 + 377), 
o 

w(x 2 ,y 5 ) = -(2e"i u + et") sinh 277 sinh 2 (77 + 377). (6.2) 

o 

Now we will calculate the solutions of the RE for the osp(2\l) model. The procedure 
is a lot similar to that used to solve the IK model. The final constraint equations like 
are 

/3i2-e- 4r V4 = and (3 2 21 - e" 4 ^ = 0. (6.3) 

For /3i 2 , /3 2 3, (3 2 \ and /3 32 different of zero we have two type-I solutions 

{&3 = e 2 "/?i 2 , P 32 = -e 2 ^ 21 } and {/? 23 = -e 2 ^ 12 , [3 32 = e~ 2r >[3 21 }. (6.4) 
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The relative sign between 023 and 032 in both type-I solutions comes from the grading 
used. The third solution is i2 = 023 = 02i = 032 = 0, the type-II solution. 



6.1 Type-I Solutions 

For the osp(2\l) model we have to write separately both type-I solutions. The first has 
the following relations among the parameters 



0n 

033 
021 
023 



2 2 1 + 2e 2r? sinh 77 Se 77 + 4 sinh §77 sinh §77 



013 2 sinh 77 3 sinh |?7 sinh |rj 

0| 3 1 — 2e~ 2?? sinh 77 3e _r? + 4 sinh ^77 sinh |t] 



013 2 sinh 77 



3 sinh \r\ sinh |?7 







12 



,2,, 



+ 







12 



013 2 sinh 77 0i3 sinh \r\ sinh |r/ 



3 ' 



,2'/ 



e^012, 032 = -e^021, 031 = -^013- 



g 

012 



21 



(6.5) 



The corresponding T-functions are given by 



ri(u) = 0i 2 e"3 



i« sinh h 



sinh 1 77 



and r 2 (u) = ei" +2, Ti( 



u 



(6.6) 



Substituting these data into (|2.25 ) we will have a complete reflection i^-matrix with 
two free parameters. The corresponding entries are 



k 12 [u 
k 23 {u 
k 13 (u 
k 13 (u 
hi(u 



—Ti(u)k 13 (u), k 21 (u) = - 21 Txiujk^u) 

Pl3 P12P13 



— r 2 {u)k 13 {u), k 21 (u 

013 



0: 



21 



-T 2 {u)k 13 (u) 



012013 

11 3 1 

2 3 sinh -77 sinh 7/ sinh -7/ sinh(w H — 77) sinh 2u, 



Di(u,rj) 

021 ; / \ 
Pl2 



-— < -e 3" sinh (m + -77) (e 2u cosh 2r] — cosh 77)^1 (m, 77) 

i-^1 yli^ fj J K. Z Z 

— 2 2 e _ 3 n+2r ? sinh -77 sinh -77 sinh(u H — 77) \ , 

Z Z Z J 

-—— { -e s u sinh(w H — 77) (e _2M cosh 277 — cosh 77) JT X (tt, 77) 

T>i(u, 77) 12 2 

— 023e3 u_2?? sinh 3 -77 sinh -77 sinh(w H — 77) > , 

Z Z Z ) 



(6.7) 
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where 

13 3 
T>! (u, rj) = /3 2 2 e 2r? sinh 3 -77 sinh -77 sinh(-u rj) 

113 
— sinh(-u 77) sinh(w -\ — 77) sinh(w -\ — ?7)jF 1 (-u, 77), (6.8) 

Zi Zi Zi 

and 

1 3 

T\{u^r\) = j3 2 2 e 2ri sinh -77 sinh -77 — 2p\ 3 sinh 77. (6-9) 

For the second solution the parameters are given by 

(3j 2 1 — 2e 2r? sinh 7? Se'' — 4 cosh ^77 cosh |?7 

Mil = — 7^ ■ , 1" 



3, 



'33 



p\ 3 2 sinh 77 3 cosh ^77 cosh |?7 

/3| 3 1 + 2e~ 2?? sinh 77 3e _,? — 4 cosh ^77 cosh §77 
p\ 3 2 sinh 77 3 cosh \r\ cosh \r\ 



2' 

tf 3 _ p 2j ? fi,„ 1 



p\ 3 2 e 2 " p\ 2 1 



/9 2 3 2 sinh 77 p\ 3 cosh |?7 cosh |?7 ' 

"#2 



£23 = -e 2,? p\ 2 , fo 2 =e 2r >p 21 , p 31 = -^-(3 13 , (6.10) 



and we have new T-f unctions defined by 

ri(«) = A 2 e-5 W ^|^ and r 2 («) = -e^^T^u). (6.11) 

cosh |t7 

This results into a second complete reflection i^-matrix with entries 
kn(u) = — ri(u)A;i3(«), fc 2 i(u) = 2 * ^(m) £13(77), 

Pl3 Pl2Pl3 

£23 ( u ) = -— T 2 (u)k 13 (u), k 21 (u) = - 2l T 2 (u)kiz{u), 

P13 P12P13 

1 13 1 

kiziu) = — 7 r/3?3 cosh -77 cosh -77 cosh (u H — 77) sinh 77 sinh 2w, 

V 2 (u,ri) 2 2 2 

/5 2 

fel3(«) = — #^13(«), 

Pl2 

1 r 1 1 

fcn(w) = —^-7 < -e _ 3 u cosh(-u H — 77) (e 2u cosh 277 + cosh 77) JF 2 (m, 77) 

V 2 (u,rj) 12 2 

— (3 2 2 e~ 3 u+2ri cosh -77 cosh -77 cosh(w H — 77) > , 

^33(m) = — ;=- -, <^ -e3 n cosh(-u + -77) (e _2u cosh 277 + cosh 77)^ (77,77) 

V 2 {u,i]) 12 2 

- (3i 3 e% u ~ 2v cosh 3 -77 cosh -77 cosh(w + -77) \ , (6. 12) 
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where 

13 3 

T> 2 (u, r]) = /3 2 2 e 2?? cosri3 ~T) cosh -7] cosh(w — -rj) 

113 
— cosh(w rj) cosh(w -\ — rj) cosh(w H — i]) J- 2(11, rj), (6.13) 

Zi JLi Zi 

and 

1 3 

Ti{u,rj) = /3i 2 e 2r? cosh -rj cosh -r\ — 2j3 13 sinh?]. (6.14) 

6.2 Type-II Solution 

The third solution is more simple. Now the parameters are related by 

Paa = -e-^n-^sinhr/, 

An = --^e" 2 n/3ii - ^) 2 , (6.15) 

Pl3 "J 

and the corresponding i^-matrix has the form (|2.31| ) with the following non-zero entries 
hi{u) = -^-k 13 {u), 

Pl3 

, , . 1 sinh 2u 

«i3W = -Pi 3 - 



2 1 — (/?n — |)e~ ?? sinhwsinh(w + r?) 



fen (it) = e 3 



2 U 1 + 2e u sinh w + (f3 n — |)e u ^ cosh 77 sinh w 



1 — (Ai — s) e ^ srim M sinh(-u + 77) 



, , . 2 1 — 2e "sinhu — (pYi — f)e " ^ cosh 77 sinh u 

M« = e* u — — ^" , *> ' . 6.16 

1 — (Pn — |)e n smh m smn(« + rj) 

The procedure to calculate (|6.16| ) is the same ones used to calculate the type-II solution 
of the IK model. In the appendix D we present all reduced solutions for the osp(2\l) 
model. 



7 Boundary Integrable Hamiltonians 

In order to derive the Hamiltonians it is convenient to expand the i?-matrix around 
the regular point u — 0. For 19-vertex models the corresponding solutions with the 
standard normalization can be read directly from (|2.4j). They have the form 



PR{u,r ] ) = l+u{a~ 1 h + f3) + 0(u 2 ). (7.1) 

with a and j3 being scalar functions. 
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The two-site Hamiltonian H kjk +i ( |1-5| ) is the h operator in ( |7. 1| ) acting on the 
quantum spaces at sites k and k + 1. From ( |7. 1| ) we obtain 

/ Zt 00 000\ 
5 5 1 00 000 

z 7 z 6 -2 3 

01 ;z 5 000 00 
H Kk+ ] = £ z 6 ez 4 e^ 6 (7.2) 

00 z 5 1 
z 3 2 6 z 7 
00 01 z 5 

\oo o o oo ooziy 

which can be easily written in terms of the usual spin-1 operators: 



H, 



1 



1 



k,k+l 



ez 4 + -(z 5 -z 5 )[S z - S* +1 ] + -(z 5 + z 5 -2ez 4 )[(S z k Y + (S* k+1 Y] 
+-{2zi - z 7 - z 7 )S z k S z k+l + ~[2{z x - z 5 - z 5 ) + x 7 + z 7 +Aez 4 ](S z k S z k+1 ) 2 
+\{*T~ Z7 -2(x 6 - h))[(S' k ) 2 S' k+1 - S z k (S z k+1 ) 2 ] 
+j z 3[(S k S k+1 ) + (S k S k+1 ) ] - -[ez 6 S k S k+1 + e z 6 S k S k+1 ]S k S k+1 
_ 2 k "k+u z 6 ^fe "Sjfe+l + ^fJfe ^fc+iJ + 2 \ fe S k S k+1 S k+1 + o^ S k S k+1 S k+1 

+>~'fc , ~'fc °k+l°k+l + '-'fc'-'fc ^k+l^k+lj (' -3) 



where 



e = 1, a = sinh2?7, /3 = 0, zi = 0, z 3 = — 1, z 4 = — 2 cosh 2?7, 
z 5 — z 5 = — cosh2r], Zq =z e = 2 cosh 77, z 7 =z 7 = —I — 2 cosh2r] 



(7.4) 



for the ZF model; 



— 1, a = sinh 2//, /3 = Z\ — 0, z 3 = 1, 24 = 2 cosh 2r/, 



^5 = -^5 = — cosh 2?7, ,z 6 = ^6 = 2sinh?7, z 7 = z 7 = ■ 

for the s/(2|l) model; 

cosh T) 

e = 1, a = — 2sinh2?7, p = 0, £1 = 0, 23 = — — — , z 4 



-l-4sinh 2 ?7 (7.5) 

sinh 4r] sinh 77 



Zf> 



Z7 



-e~ 2 \ ~z 5 - 



Jv 



2 6 



.2-, 



-4jj 



cosh 7/ 
cosh 37/ ' 



z 7 = — e 



sinh 2rj 
cosh 3?7 ' 
4t? cosh 77 
cosh 3?7 
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ze~- 



cosh 3?7 ' 
_ _ 2T? sinh2r/ 
cosh 3?7 



cosh 3?7 



(7.6) 



for the IK model and 

siring 



-1, a. = sinh2?7, = — coth2^, Z\ = cosh2?7, z 3 



sinh 3?7 
Z4 = 1 + coth 3?7 sinh 2r), z$ = — -, z 5 = —z 5 , z 6 = — e 



sinh 277 _ _ 2 sinh 2rj 



sinh 3?7 ' 

9 „sinh2?7 sinh2?7 sinh 27? _ sinh2?7 sinh 27? . . 

z 6 = e 2ri — - — -, z 7 = - + e _7? — - — -, z 7 = - + e v — - — - (7.7) 

sinh3r7 3 sinh3?7 3 sinh 3r/ 

for the osp(2\l) model. 

Next, we recall ( |1.6| ) to derive the boundary terms which can now be read from 
the i^-matrices obtained in this paper. Due to (|2.7p , the first boundary term is easily 
obtained: 



dK(u) 



du 



/?11 /3l2 /9l3 

fti /3 23 j (7.8) 

u=0 V /?31 032 033 

where fyj are the parameters calculated in the previous sections for the general solu- 
tions of the 19-vertex models considered in this paper. Therefore the integrable spin-1 
Hamiltonians with general boundary interactions associated with these vertex models 
can be write in the form 

AT-l 1 3 1 3 

H = £ H Kk+l + - £ A^ ® 1 + ~ E oiijl ® Ejf } (7.9) 

fc=l / i,j=l / i,j=l 

where Ejj is an 3 x 3 matrix with only non- vanishing entry 1 in row i and column j. 
aij are new parameters associated with the left i^-matrices, obtained from the second 



boundary term tr K+ (0)H Nt0 /tiK + (0) through the correspondence ( |1.8| ), i.e. 

K-faPy) — > K+faaji) = K l _{-u - p, aji )M (7.10) 

For the graded models the same results follow after we use the graded formulation for 



I| and ( 7TT0D 



8 Conclusion 

We have considered the boundary YB equation for some 19-vertex models. After a 
systematic study of the functional equations we find that there is only a complete 
solution with three free parameters for the ZF and s/(2|l) models. From vanishing 
of these parameters we can derive some particular solutions, which we called reduced 
solutions. In these models (see appendices A and B) the last possible reduction will 
give us a diagonal solution with one free parameter. 
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For IK and osp(2\l) models we find two complete solutions but with only two 
free parameters. This decrease in the number of free parameters is responsible for the 
appearance of a third solution, the type-II solution, which also have two free parameters 
but with some vanishing entries. From these general solutions we find reduced solutions 
by vanishing of their free parameters (see appendices C and D). The last possible 
reduction for these models gives us three diagonal solutions with no free parameters. 
This explains the result obtained for the IK model in a previous work 
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Appendix A. ZF Reduced Solutions 

In this appendix we will present particular solutions of the RE for the ZF model. 
These solutions are obtained by vanishing some free parameters of the general solution 
derived in the section 3. Following the sub-classification discussed in the section 2 we 
have 

Case (i) 0i3 ^ and 03i 7^ 0: The reduced solution in this case was presented in 
the section 3 . It is given by ( |3.13| ). 

Case (ii) 0i 3 ^ and 03i = 0: In this case we have two regular solutions 

( hi k u fci3 \ f hi hz 

The parameters for the solution Kj h are obtained by taking the limit /3 2 i — ► in ( JO] 
From this limit we have the following parameters 

0i 2 = - -0 23 (0n sinh 7] - 2 cosh rj) 
0n cosh rj — 2 sinh rj 

033 = 2 



1 k 23 i and K Ic =\ 1 | (A.l) 

V k 33 J \ fe 



0. 



13 



0ii sinh rj — 2 cosh r\ 
1 0I3 srmi ? ?(0ii srim V ~ 2 cosh rj) 



8 cosh rj 

0ii + 2cothr/ (A.2) 

Substituting (A2) into ([T7|) we find 

1 023(0n sinh rj — 2 cosh 77) sinh 1u 



kvAu) 



0n sinh u — 2 cosh(-u) 
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k 13 (u) 



1 /3 2 3 (/?n sinh rj — 2 cosh 77) sinh 2m 

2 /3n sinh(-u — 77) + 2 cosh(-u — 77) 

/?i3 (/3n sinh 77 — 2 cosh 77) sinh 2u sinh(2w — 77) 
sxnhr)(flu sinhw — 2coshw)(/3ii sinh(u — 77) + 2cosh(w — 77)) 



fcu(w) 

fc33(«) 



/?n sinh u + 2 cosh it 

/3n sinh 7j — 2 cosh u 

flu sinh(-u + 77) — 2 cosh(w + 77) 

flu sinh(77 J — 77) + 2 cosh(w — 77) 



(A.3) 



Note that we have choose to write the parameters in terms of flu and /J23. The solution 
Kj c is the limit ^23 — > of X/ 5 . In this case there is no relation between flu and fli 3 
but, using the equation -E[l,3] = one can see that it is a two-parameter solution 
provided that 

sinh 477 = 0, sinh2?7 7^ and flu 7^ 2cotli77 (A. 4) 

Case (iii) flx 3 = and fl 3 \ 7^ 0: This case is a transposition of the previous one. 
The corresponding i^-matrices are 



Ki d 



( fell 








&21 


1 





V fcai 


&32 


&33 



and /Yr 



fell 











1 





&31 





&33 



(A.5) 



Their parameters and non-zero entries are obtained from ( |A.2|) and (|A.3|) respectively, 
using the interchange rule (|2.10|) . For Kj e we have the condition (|A.4| ) still. 

Case (iv) fli 3 = and fl 3 \ = 0: Finally we arrive at the diagonal solution. It has 
the form 



K, 



\ 



'11 











1 











&33 



(A.6) 



which is an one-parameter solution with 

flu sinh M + 2 cosh u 



ku{u) 
hd,{u) 



flu sinh 77 — 2 cosh u ' 

flu sinh(77 + 77) — 2 cosh(77 + 77) 



(A.7) 



flu sinh(?x — 77) + 2 cosh(77 — 77) 
It is obtained, for instance, from the solution Kj when /?23 — > 0. This diagonal solution 



was derived in [33[| 
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Appendix B. IK Reduced Solutions 

For the IK model we have three general solutions. Therefore, we will find three 
types of reduced solutions. Reduced solutions from the type-I solutions discussed in 
the section 4 are here obtained using the same limit procedure presented in the ZF 
model 

Case (i) (3 13 ^ and /3 3 i ^0 we have two one-parameter solutions 



K Ia = 1 (B.l) 




where 



cosh 2?7 =p ie u sinh rj cosh 2i] =p ie u sinh rj 

kn{u) = r^ — i • • w V' k 33{u) 



cosh 2i] ± % sinh (u — if ' " cosh 2i] ± i sinh(-u — 77) 

/3i 3 (cosh2?7Ti sinh 77) sinh u /3 31 

M«) = r o i • • U? x — > fei« = "5-^13 (m) B.2 

cosh 2i] ±i smhfw — 77) pi 3 

with the relation 

/?i 3 /5 3 i (cosh 2r^^i sinh r/) 2 = -1 (B.3) 

Here we observe that these reduced solutions can be derived from the type-II solution. 
Substituting 

jp-V 

0n = T , 9 . ■ r (B.4) 

cosh zrj^ft sinn 77 



into ( |4.11| ) we will get 



Case (ii) /3 13 7^ and /3 3 i = 0: Here we have four reduced solutions 

#/„ = 1 A; 23 J and tf 7c = [ 1 I (B.5) 





k 



?,?, 



where 



(3 2 12 = -2e 2 "/5 13 
r x (w) = /3 12 e 



cosh 77 



cosh 2?7 =1= i sinh 77 
i u cosh(| — 77) ± zsinh | 



cosh(u — 77) 

1 ±ie u ~ 2v 
kniu) = -^-Ti(u)k 13 (u), k 23 {u) = — ri(tt)fci 3 (it) 

Pl3 Pl3 

cosh 377 sinh it cosh(| — 77) =p i sinh ~ 



fcl3(w) = /?13 

fcn(w) = e 



cosh 77 cosh ( I + 3t]) =1= i sinh | 
u cosh(| - 377) iisinhf 
cosh ( I + 3ry) =F z sinh | 



, . . „cosh(^ — 3r?) ± isinh ^ . , 

k 33 (u) = e u — -4| ^ r-r (B.6) 

iiK ' cosh(| + 37/) Ti sinh § v ; 
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The solutions Kj c are one-parameter solutions provided that 

sinh 2?7 = and sinh rj ^ 0. 
Case (iii) /?i 3 = and /?3i 7^ 0: In this case we have four solutions 



(B.7) 



Ki d 



I fen 
fe 2 i 1 

\ «31 ^32 ^33 



and 



#7 



fen 

1 

hi fe 33 



(B.8) 



they are obtained from (p.6|) by the interchange fey <-> fey» and /3y <-> /3ji. 

Case (iv) /?i 3 = and /3 3 i = 0: In this case we have two diagonal solutions with 

no free parameters 

fen 



where 
fen(w) 



Kj 



_ M cosh(| -3i]) ±i sinh | 
cosh(| + 3?7) =F i sinh §' 



1 
fe 33 



(B.9) 



CasW 



u cosh(| - 3?7) ±zsinh| 
cosh(| + 3?7) =F z sinh | 



(B.10) 



Moreover, from the type-II solution ( |4.11| ) we have three more reduced solutions. The 
two first are one-parameter solutions 



K 



I la 



1 /3i3 sinh u 
1 

1 



/ 



and 



Kn h 



1 

1 

y /?3i sinh u 1 



(B.ll) 



and the last is the trivial solution 



K 



lie 




fB.12) 



They belong to the cases (ii), (iii) and (iv), respectively. The diagonal solutions ( |B.9|) 
and (|B.12|) were obtained for the first time by Mezincescu and Nepomechie [34 |. 
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Appendix C. s/(2|l) Reduced Solutions 

In this appendix we present the reduced solution for the s/(2|l) model. They are 
obtained by the vanishing of some parameters in the general solution derived in section 
5. The limit procedure is the same used for the ZF model: 

Case (i) /5i3 7^ and (3^1 7^ 0: The corresponding /^-matrix has the form 

/ fe n fe 13 \ 
K Ia = 1 (C.l) 



where 



fell 





fel3 





1 





fe31 





fe33 



. . 1 /?i 3 cosh 77 sinh 2u 2 sinh 2w 

kl3{U) = — ; - , fc 3 l(w) 



2 cosh(2w + 77) ' Pis cosh 77 cosh(2w + 77) 

fcnW = M«)= w 9 shr? s (c.2) 

cosh(2w — 77) 

It is a one-parameter solution of the graded RE. 

Case (ii) /3i3 7^ and ^31 = 0: Here we have two reduced solutions with two free 
parameters 



K h = 1 fe 23 | and K Ic = 1 (C.3) 



where 




fell 


fel3 





1 





fe 33 



k 13 (u) 
k 12 (u) 

k 2 ?,{u) 
k u (u) 



A3 ( Ai cosh 77 — 2 sinh 77) sinh 2m cosh(2w — 77) 
cosh77(/3ii sinhw — 2 cosh w) (/3n cosh(-u — 77) + 2sinh(-u — 77)) 

1 /5 2 3 (/?n cosh 77 — 2 sinh 77) sinh 2u 

2 /?n sinh u — 2 cosh(w) 

1 /?23(/3n cosh 77 — 2 sinh 77) sinh2-u 

2 /3n cosh(-u — 77) + 2 sinh(w — 77) 
/9n sinh -u + 2 cosh -u 

/3n sinh -u — 2 cosh u 



/3n cosh(w + 77) - 2 sinh(w + 77) 

fc33 w = « £7 S 1 o • TTf V C - 4 

P11 cosn(w — 77) + 2 smh(w — 77) 

with the following relations for the parameters 

A 3 = -l^ COSh ^ llC( ; sh ^- 2sinh?7) , A^2tanh77 (C.5) 

8 sinh 77 

The parameter 77 in the solution Kj c is solution of the equation: 

sinh 477 = and sinh 27/ 7^0. (C.6) 
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Case (iii) /3i 3 = and /?3i 7^ 0: This is a super-transposition of the previous case 
A'/, = I A-- 2J 1 I and A',, = | I | (C.7) 



fcn 
fe 2 i 1 

&31 ^32 ^33 



fcn 

1 

fcai fc 33 



with matrix elements and parameters obtained from ( |C4|) and (|C5| ) respectively, 

through the interchange kij <-»• kji and fyj <-»• /3jj. 

Case (iv) /?i3 = and (3-n = 0: In yhis case we have a one-parameter diagonal 

solution 

f k n 

K If =\ 1 I (C. 

k 33 



where 



fen (it) 



(3n sinh it + 2 cosh w 

/?n sinh -u — 2 cosh it 
/?n cosh(u + 77) — 2 sinh(u + 77) 
/3n cosh(w — 77) + 2 sinh(w — 77) 



(C.9) 



This diagonal solution was already known [23 
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Appendix D. osp(2\l) Reduced Solutions 

In this appendix we will present the three types of reduced solutions for the osp(2\l) 
model 

Case (i) /3 13 ^ and /3 3 i 7^ 0: In this case we have two one-parameter solutions 

fcn fci3 

K Ia ----\ oioj (D.i; 

&3i k 33 



where 



, . . 1 _2„ cosh ri — e cosh 2ri 

kiiiu) = -e 3 — — V^ n V^r 

2 sinhfw — ^rj) smn(« + |t/) 

, , . 1 2,, cosh 77 — e~ 2u cosh 2r? 

fessO) = 7^e3 u 



fci 3 («) 



2 sinh(u — |r/) sinh(w + |r/) 
1 /?i3 sinh |t/ sinh |r/ sinh 2u 



2 sinh(M — \rj) sinh(w + |r7) 
2 /3i3 sinh |?y sinh |?7 sinh(w — |?7) sinh(w + |r/) 



for the first solution and 



, . . 1 _2 cosh 77 + e 2u cosh 2ri 

k n (u) = -e 3" 



2 cosh(w — |r/) cosh(w + |r/) 



, . . 1 2 ,, cosh r? + e 2u cosh 2r? 



fci 3 («) 



2 cosh(w — ^77) cos1i(tj + |7/) 

1 /3i3 cosh ^77 cosh |7/ sinh 2tj 

2 cosh(w — |?7) cosh(u + ^77) 



1 sinh 2tj 

2 /3i3 cosh \r\ cosh |ry cosh(ti — ~T\) cosh(w + |ry) 

for the second solution. 

As in the IK model the solutions of this case can be obtained from the type-II 
solution. Substituting 

2 cosh 27/ + 2 sinh 77 + e 71 2 cosh 27/ — 2 sinh 7/ — e v . . 

3 sinh |t/ sinh |t/ 3 cosh ^rj cosh |?7 



into (|6.16| ) we will get ( p.2| ) and ( p.3| ), respectively 



Case (ii) /3 13 7^ and /3 3 i = : Here we also have one-parameter solutions 

hi k 12 fci 3 \ / fen fci3 

A 4 =--j 1 A; 23 and A /c = 1 | (D.5) 

A; 33 / \ fe 
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with amplitudes gives by 



_ 1 2r,*2 sinh |r/ sinh fr; 

Pl3 — o e Pl2 ^~T 

2 sinn 77 



1 -| U/9 sinh ^ 
-e 3 PYi-r-r-, 3 s 

2 sinn(M — |r/J 



kiiiu) = --e 3"/j 12 - - - — 2 3 - sinh2w 



M«) = -U^P 12 . ^^3 . sinh2 M 
2 sinn(« — |r/) 

fc / x _lo sinh §77 sinh(w + §77) inh2 

2 sinh \r\ sinh (w — |r/) 

{„(«) ■ e-i" s ^;: :;;;; . /„,(,) ^" ;;•;;;; r; <d.(») 



|u sinh(M+^) _ 2 u sinh(M + ^) 

• r / TT' K 33W — — e-s . , 3— r 

sinn(« — |r/J sinn(« — ^tj) 

for the first solution and 



fa = l e ^^ 2 cosh ^ cosh i^ 

2 sinh 77 



1 _i tt/3 cosh §77 

2 cosh(w — |?7) 



M«) - -e's% __ A/- 2 3 , sinh27j 



fcs(«) = >% C " Sh ^ 3 , sinh2 M 
2 cosh(u — ^rj) 

1 cosh fry cosh(w + |r/) . 

KiaW = -77P13 — H T7 g— smh2u 

2 cosh 2^7 cosn(u — ±r}) 



, , v _2 u cosh(?j+ §77) 2 u cosh(w + |r/) 

M«) = e s« — §— fc 33 ( M ) = e3 u — §— (D.7) 

coshfw — 7j7i) cosh(w — |r/J 

for the second solution. 

Case (ii) fa = and /?3i 7^ 0: Here we have the i^-matrices 

/ k n \ / fen \ 

#/ d = fc 2 i 1 and tf /e = 1 (D.8) 

V hi h 2 hs J V hi fc 33 / 

whose matrix elements are obtained from ( p.6| ) and ( |D.7| ) by the interchange hj *-* kji 
and (3ij <-> /3j{. For both Kj c and Kj e we have the condition 

sinh2r/ = and sinh rj 7^0 (D.9) 

Case (iv) /3i3 = and fa = 0: Here we have two diagonal solutions with no free 

parameters 

f k n \ 

iT 7/ = 1 (D.10) 

V A; 33 / 
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where 

i / \ _2 u sinh(M + \rj) 2 M sinh(w + \rj) m ,,N 

fcn(«) = -e « M — T7 H, M") = - e3 — T7 H D - n ) 

sinn(w — |ry) smn(w — |^j 

for the first solution and 

, . . 2 coshfw + f??) , . , 2 ooshf-u + |r?) . 

M« =e"3 u — r) F(, M« = ea M — -) ^( (D.12) 

coshfw — |?7J cosn(w — ^77) 

for the second solution. 

In addition, we have three reduced solutions from the type-II solution. The two 
first are one-parameter solutions 

el" i / 9i 3 sinh2M \ / el u 

1 j (D.13) 

\ i / 9 31 sinh2M e'l u 



Kil = I 1 | . K llh 

e-h 



and the last is a diagonal solution with no free parameter 



4„ 



es" 
K IIc = I 1 j (D.14) 



e-3« 
They belong to the cases (ii), (iii) and (iv), respectively. 
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